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CHARACTERIZATIONS FOR FRACTIONAL HARDY INEQUALITY
BARTŁOMIEJ DYDA AND ANTTI V. VÄHÄKANGAS
Abstract. We provide a Maz’ya type characterization for a fractional Hardy inequality. As an
application, we show that a bounded open set G admits a fractional Hardy inequality if and only
if the associated fractional capacity is quasiadditive with respect to Whitney cubes of G and the
zero extension operator acting on Cc(G) is bounded in an appropriate manner.
1. Introduction
An open set ∅ , G ( Rn admits an (s, p)-Hardy inequality, for 0 < s < 1 and 0 < p < ∞, if
there is a constant C > 0 such that inequality
(1.1)
∫
G
|u(x)|p
dist(x, ∂G)sp
dx ≤ C
∫
G
∫
G
|u(x) − u(y)|p
|x− y|n+sp
dydx =: C|u|pWs,p(G)
holds for every u ∈ Cc(G). Sufficient geometric conditions are available for an open set to admit
an (s, p)-Hardy inequality, e.g., in [2, 3, 4]. However, these conditions are not necessary. Our
first result, Theorem 1, is a Maz’ya-type characterization of the (s, p)-Hardy inequality in terms
of the following (s, p)-capacities of compact sets K ⊂ G: we write
caps,p(K,G) = infu
|u|pWs,p(G) ,
where the infimum ranges over all real-valued u ∈ Cc(G), i.e., continuous with compact support
in G, such that u(x) ≥ 1 for x ∈ K.
Theorem 1. Let 0 < s < 1 and 0 < p < ∞. An open set ∅ , G ( Rn admits an (s, p)-Hardy
inequality if and only if there is a constant c > 0 such that
(1.2)
∫
K
dist(x, ∂G)−sp dx ≤ c caps,p(K,G)
for every compact set K ⊂ G.
A Maz’ya-type characterization for weighted embeddings gives Theorem 1 as a special case, see
Proposition 5 with ω(x) = dist(x, ∂G)−sp. In the proof of this proposition, we adapt the method
that is used by Kinnunen and Korte to prove a Maz’ya-type characterization for the non-fractional
Hardy inequality, [5, Theorem 2.1]. This method, in turn, is based on a truncation argument in
the monograph of Maz’ya, [8, p. 110]. For further information on this type of characterizations,
we refer to [8, §2] and [5].
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A close connection between a non-fractional Hardy inequality and a ‘quasiadditivity property of
the variational capacity’ was recently found by Lehrbäck and Shanmugalingam, [6]. A Maz’ya-type
characterization has a significant role in their work, hence, it is not surprising that Theorem 1
paves our way to the analogous question, namely: what is the connection between an (s, p)-Hardy
inequality and quasiadditivity of caps,p(·, G) with respect to a Whitney decomposition W(G) of
an open set G? In case of bounded open sets, we characterize the (s, p)-Hardy inequality in terms
of a (weak) quasiadditivity and a zero extension property, Theorem 2. In order to state this partial
extension of [6, Corollary 3.5] we need these definitions.
We say that the (s, p)-capacity caps,p(·, G) is (weakly)W(G)-quasiadditive, if there is a positive
constant N > 0 such that for every compact set K ⊂ G (in the weak case for every K = ∪Q∈EQ,
where E ⊂ W(G) is finite),∑
Q∈W(G)
caps,p(K ∩Q,G) ≤ Ncaps,p(K,G) .
See [6] for information on the closely related quasiadditivity of variational capacity.
An open set G is said to admit an (s, p)-zero extension, if there is a constant C > 0 such that
the zero extension operator satisfies
|EGu|Ws,p(Rn) ≤ C|u|Ws,p(G)
for every function u ∈ Cc(G). Here EGu(x) = u(x) if x ∈ G and EGu(x) = 0 otherwise. Let
us emphasise that only continuous functions with compact support need to have a bounded zero
extension, and not all open sets admit an (s, p)-zero extension. We mention in passing that the
usual extension problem for Ws,p(G) has been recently solved by Zhou in [11].
Observe that an open set admits an (s, p)-zero extension if, and only if, the following weighted
embedding holds, with a constant c > 0 and a weight ω(x) =
∫
Rn\G
|x− y|−n−sp dy,
(1.3)
∫
G
|u(x)|pω(x)dx ≤ c
∫
G
∫
G
|u(x) − u(y)|p
|x− y|n+sp
dydx , u ∈ Cc(G) ;
Proposition 5 provides a Maz’ya-type characterization for this weighted embedding, which is
weaker than the (s, p)-Hardy inequality. Indeed, we have ω(x) . dist(x, ∂G)−sp if x ∈ G.
Theorem 2. Let 0 < s < 1 and 1 < p <∞ satisfy sp < n. Suppose G , ∅ is a bounded open
set in Rn. Then the following conditions are equivalent.
(1) G admits an (s, p)-Hardy inequality;
(2) caps,p(·, G) is W(G)-quasiadditive and G admits an (s, p)-zero extension;
(3) caps,p(·, G) is weakly W(G)-quasiadditive and G admits an (s, p)-zero extension.
Moreover, the implications (1) ⇒ (2) ⇒ (3) hold for unbounded open sets G ( Rn.
Combined with sufficient conditions for an (s, p)-Hardy inequality, Theorem 2 yields sufficient
conditions for the W(G)-quasiadditivity of caps,p(·, G). Another point-of-view is that the two
weighted embeddings (1.1) and (1.3) are equivalent under the W(G)-quasiadditivity assumption.
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The following question remains open to our knowledge. It is motivated by [6], where a positive
answer is provided in case of a non-fractional Hardy inequality. Below ℓ(Q) stands for the side
length of the cube Q.
Question. Is the condition
(4) caps,p(·, G) is weakly W(G)-quasiadditive and ℓ(Q)
n−sp
. caps,p(Q,G) if Q ∈ W(G)
equivalent with condition (1) in Theorem 2?
To state this otherwise, is it possible to replace the (s, p)-zero extension condition by a testing
condition (1.2) restricted to Whitney cubes K = Q ∈ W(G)? (The lower bound on the capacities
of Whitney cubes may be viewed as such.) The fact that G need not admit (s, p)-zero extension
introduces complications to the treatment of this question, as the boundedness properties for the
local maximal operator MG, established by Luiro in [7], are no longer available. And, our proof
of Theorem 2 relies on these properties instead of, say, weak Harnack inequalities as in [6].
The structure of this paper is the following. In §2 we present notation and also properties of
the local maximal operators. The Maz’ya-type characterization, yielding Theorem 1 in particular,
is proven in §3, and the proof of Theorem 2 is divided in sections §4 and §5. In §6, we provide
two counterexamples showing that the two conditions occurring in point (2) of Theorem 2 are
independent, i.e., neither one of them implies the other one. In fact, the same examples show
that the two conditions in either (3) or (4) are also independent.
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2. Preliminaries
2.1. Whitney cubes. For an open set ∅ , G ( Rn, we fix its Whitney decomposition W(G)
consisting of closed cubes such that, for each Q ∈ W(G),
(2.1) diam(Q) ≤ dist(Q, ∂G) ≤ 4 diam(Q) .
We have
∑
Q∈W(G) χQ∗∗ ≤ CnχG, where Q
∗∗ = 9
8
Q, and G = ∪Q∈W(G)Q, see [9, VI.1].
2.2. Function spaces. Let us recall the definition of the fractional order Sobolev spaces in open
sets G ⊂ Rn. For 0 < p < ∞ and s ∈ (0, 1) we let Ws,p(G) be the family of functions u in
Lp(G) with
‖u‖Ws,p(G) := ‖u‖Lp(G) + |u|Ws,p(G)
:=
( ∫
G
|u(x)|p dx
)1/p
+
( ∫
G
∫
G
|u(x) − u(y)|p
|x − y|n+sp
dydx
)1/p
<∞ .
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The global fractional Sobolev spaces belong to the well-known scale of Triebel–Lizorkin F-spaces:
if 1 < p < ∞ and 0 < s < 1, then Ws,p(Rn) coincides with Fspp(Rn) and the associated norms
are equivalent, [10, pp. 6–7]. Let G be an open set in Rn, 1 < p <∞, and 0 < s < 1. Then
Fspp(G) = {u ∈ L
p(G) : there is ag ∈ Fspp(R
n) with g|G = u}
‖u‖Fspp(G) = inf ‖g‖Fspp(Rn),
where the infimum is taken over all g ∈ Fspp(R
n) such that g|G = u pointwise a.e.
2.3. Local maximal operator. Let ∅ , G ( Rn be an open set. The local Hardy–Littlewood
maximal operator MG is defined as follows. For a measurable u : G→ R,
MGu(x) = sup
r
?
B(x,r)
|u(y)|dy , x ∈ G ,
where the supremum ranges over 0 < r < dist(x, ∂G). The following statement is important to
us: Luiro has shown that MG is bounded on F
s
pp(G) if 1 < p < ∞ and 0 < s < 1, we refer to
[7, Theorem 3.2]. This yields the following lemma.
Lemma 3. Let ∅ , G ( Rn be a bounded open set, which admits an (s, p)-zero extension with
0 < s < 1 and 1 < p <∞. Then
|MGu|Ws,p(G). |u|Ws,p(G)
for every u ∈ Cc(G).
Proof. Without loss of generality, we may assume that |u|Ws,p(G) <∞. We have
|MGu|Ws,p(G) . ‖MGu‖Fspp(G)
. ‖u‖Fspp(G) ≤ ‖EGu‖Fspp(Rn) . ‖EGu‖Lp(Rn) + |EGu|Ws,p(Rn) .
Since G admits an (s, p)-zero extension, the last seminorm is dominated by C|u|Ws,p(G). Let us
then fix a compact set K ⊂ Rn \G for which |K| > 0. By the boundedness of G,
‖EGu‖
p
Lp(Rn) =
∫
G
|u(x)|p dx .
∫
K
∫
G
|EGu(x) − EGu(y)|
p
|x− y|n+sp
dxdy ≤ |EGu|
p
Ws,p(Rn) .
The last term is, again, dominated by C|u|pWs,p(G). 
For the convenience of the reader, we provide the proof of the following useful lemma.
Lemma 4. Suppose G is an open set in Rn and u ∈ Cc(G). Then MGu is continuous.
Proof. We first observe that the function defined by u(x, r) =
>
B(x,r)
|u(y)|dy for r > 0 and
u(x, 0) = |u(x)| is continuous on Rn× [0,∞) (in this definition the function |u| is zero-extended
to the whole Rn). Let us fix x ∈ G and ε > 0. By uniform continuity of the function u on
B(x, dist(x, ∂G))× [0, 2 dist(x, ∂G)], there exists 0 < δ < dist(x, ∂G) such that
|u(y, s) − u(x, t)| < ε,
FRACTIONAL HARDY INEQUALITY 5
whenever |y− x|+ |s− t| < δ and 0 ≤ s, t ≤ 2 dist(x, ∂G). Therefore, if y ∈ B(x, δ/2), then for
some r0 = r0(y, ε) < dist(y, ∂G)
MGu(y) ≤ u(y, r0) + ε ≤ u(x, r0 ∧ dist(x, ∂G)) + 2ε ≤MGu(x) + 2ε,
because |y− x|+ |r0 − r0 ∧ dist(x, ∂G)| < δ. On the other hand, for some r0 ∈ [0, dist(x, ∂G)),
MGu(x) ≤ u(x, r0) + ε ≤ u(y, r0 ∧ dist(y, ∂G)) + 2ε ≤MGu(y) + 2ε.
This proves continuity of MGu. 
3. Maz’ya-type characterization
Theorem 1 is implied by the following Maz’ya-type characterization for weighted embeddings,
applied with ω(x) = dist(x, ∂G)−sp. Let us also remark that inequality (1.3) admits a similar
characterization with a weight ω(x) =
∫
Rn\G
|x− y|−n−sp dy.
Proposition 5. Suppose G ⊂ Rn is an open set and ω : G→ [0,∞) is a measurable function.
The following two conditions are equivalent for 0 < s < 1 and 0 < p <∞.
(A) There is a constant C > 0 such that∫
G
|u(x)|pω(x)dx ≤ C|u|pWs,p(G) , u ∈ Cc(G) .
(B) There is a constant c > 0 such that, for every compact set K ⊂ G,∫
K
ω(x)dx ≤ c caps,p(K,G) .
Proof. First assume condition (A) holds. Let u ∈ Cc(G) be such that u(x) ≥ 1 for every x ∈ K.
By (A) we obtain∫
K
ω(x)dx ≤
∫
G
|u(x)|pω(x)dx ≤ C
∫
G
∫
G
|u(x) − u(y)|p
|x− y|n+sp
dydx .
Taking infimum over all such functions u, we obtain (B) with c = C.
Now assume that (B) holds and let u ∈ Cc(G). For k ∈ Z denote
Ek = {x ∈ G : |u(x)| > 2
k} and Ak = Ek \ Ek+1 .
Observe that
(3.1) G = {x ∈ G : 0 ≤ u(x) <∞} = {x ∈ G : u(x) = 0}︸                      ︷︷                      ︸
=:F
∪
⋃
i∈Z
Ai .
Hence, by (B) we obtain
(3.2)
∫
G
|u(x)|pω(x)dx ≤
∑
k∈Z
2(k+2)p
∫
Ak+1
ω(x)dx
≤ c22p
∑
k∈Z
2kpcaps,p(Ak+1, G) .
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Define uk : G→ [0, 1] by
uk(x) =


1, if |u(x)| ≥ 2k+1,
|u(x)|
2k
− 1 if 2k < |u(x)| < 2k+1,
0, if |u(x)| ≤ 2k.
Then uk ∈ Cc(G) and it satisfies uk = 1 on Ek+1 ⊃ Ak+1, hence we may take it as a test function
for the capacity. By recalling also (3.1), we obtain that
(3.3)
caps,p(Ak+1, G) ≤
∫
G
∫
G
|uk(x) − uk(y)|
p
|x − y|n+sp
dydx
≤ 2
{∑
i≤k
∑
j≥k
∫
Ai
∫
Aj
+
∑
j≥k
∫
F
∫
Aj
}
|uk(x) − uk(y)|
p
|x − y|n+sp
dydx .
We observe that |uk(x) − uk(y)| ≤ 2
−k|u(x) − u(y)|. Moreover, if x ∈ Ai and y ∈ Aj,
where i + 2 ≤ j, then |u(x) − u(y)| ≥ |u(y)| − |u(x)| ≥ 2j−1, hence |uk(x) − uk(y)| ≤ 1 ≤
2 · 2−j|u(x) − u(y)|. Therefore,
|uk(x) − uk(y)| ≤ 2 · 2
−j|u(x) − u(y)|, (x, y) ∈ Ai ×Aj ,
whenever i ≤ k ≤ j. Thus,∑
i≤k
∑
j≥k
∫
Ai
∫
Aj
|uk(x) − uk(y)|
p
|x − y|n+sp
dydx
≤ 2p
∑
i≤k
∑
j≥k
2−jp
∫
Ai
∫
Aj
|u(x) − u(y)|p
|x − y|n+sp
dydx .
A similar argument show that∑
j≥k
∫
F
∫
Aj
|uk(x) − uk(y)|
p
|x− y|n+sp
dydx ≤ 2p
∑
j≥k
2−jp
∫
F
∫
Aj
|u(x) − u(y)|p
|x − y|n+sp
dydx .
Since
∑j
k=i 2
(k−j)p <
∑j
k=−∞ 2
(k−j)p ≤ 1
1−2−p
, we may apply inequalities (3.2) and (3.3) and then
change the order of summations to obtain that∫
G
|u(x)|pω(x)dx ≤
c23p+2
1− 2−p
∫
G
∫
G
|u(x) − u(y)|p
|x− y|n+sp
dydx .
Thus condition (A) is satisfied with C = c2
3p+2
1−2−p
. 
4. Necessary conditions for Hardy
In this section, we prove the implication (1) ⇒ (2) in Theorem 2.
Proposition 6. Suppose G is an open set in Rn which admits an (s, p)-Hardy inequality with
0 < s < 1 and 0 < p <∞. Then caps,p(·, G) is W(G)-quasiadditive and G admits an (s, p)-zero
extension.
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Proof. The conclusion that G admits an (s, p)-zero extension follows from [4, Lemma 6.1].
Fix a compact set K ⊂ G. We still need to show that
(4.1)
∑
Q∈W(G)
caps,p(K ∩Q,G) ≤ N inf
∫
G
∫
G
|u(x) − u(y)|p
|x− y|n+sp
dydx ,
where the infimum is taken over all u ∈ Cc(G) such that u ≥ 1 on K. Fix a function u for which
the infimum is essentially obtained, say, within a factor of 2.
For each Whitney cube Q ∈ W(G) we fix a smooth function φQ such that χQ ≤ φQ ≤ χQ∗ ,
where Q∗ = 17
16
Q, and |∇φQ| . ℓ(Q)
−1. In particular, we find that uQ := uφQ is a test function
for caps,p(K ∩Q,G). Hence, with Q
∗∗ = 9
8
Q,
LHS(4.1) ≤
∑
Q∈W(G)
∫
G
∫
G
|uQ(x) − uQ(y)|
p
|x− y|n+sp
dydx
.
∑
Q∈W(G)
{∫
Q∗
|uQ(x)|
p
dist(x, ∂G)sp
dx +
∫
Q∗∗
∫
Q∗∗
|uQ(x) − uQ(y)|
p
|x − y|n+sp
dydx
}
Since |uQ| ≤ |u| and
∑
Q χQ∗ . 1, we may apply the (s, p)-Hardy inequality for∑
Q∈W(G)
∫
Q∗
|uQ(x)|
p
dist(x, ∂G)sp
dx .
∫
G
|u(x)|p
dist(x, ∂G)sp
dx . caps,p(K,G) .
To estimate the second series, we first find that
|uQ(x) − uQ(y)| = |u(x)φQ(x) − u(x)φQ(y) + u(x)φQ(y) − u(y)φQ(y)|
≤ |u(x)||φQ(x) −φQ(y)|+ |u(x) − u(y)|φQ(y)
. |u(x)||x− y|ℓ(Q)−1 + |u(x) − u(y)| .
Since
∑
Q∈W(G) χQ∗∗ . χG, we find that∑
Q∈W(G)
∫
Q∗∗
∫
Q∗∗
|u(x) − u(y)|p
|x− y|n+sp
dydx . caps,p(K,G) .
To estimate the remaining series, we proceed as follows (recall that 0 < s < 1);∑
Q∈W(G)
ℓ(Q)−p
∫
Q∗∗
|u(x)|p
∫
Q∗∗
|x − y|p
|x− y|n+sp
dydx
.
∑
Q∈W(G)
ℓ(Q)−sp
∫
Q∗∗
|u(x)|p dx
.
∑
Q∈W(G)
∫
Q∗∗
|u(x)|p
dist(x, ∂G)sp
dx . caps,p(K,G) ,
and this concludes the proof. 
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5. Sufficient conditions for Hardy
The implication (3)⇒ (1) in Theorem 2 is established here. Let us observe that the remaining
implication (2) ⇒ (3) is trivial. The outline of the proof below is from [6].
Proposition 7. Let 0 < s < 1 and 1 < p < ∞ satisfy sp < n. Suppose that G ⊂ Rn
is a bounded open set such that caps,p(·, G) is weakly W(G)-quasiadditive and G admits an
(s, p)-zero extension. Then G admits an (s, p)-Hardy inequality.
Proof. By Theorem 1, it suffices to show that
(5.1)
∫
K
dist(x, ∂G)−sp dx . caps,p(K,G) ,
where K ⊂ G is compact. We fix a test function u for caps,p(K,G) such that the infimum in the
definition of (s, p)-capacity is obtained within a factor 2. By replacing u with max{0,min{u, 1}}
we may assume that 0 ≤ u ≤ 1. The truncation can be written as f ◦ u, where f is 1-Lipschitz,
hence this truncation does not increase the associated seminorm.
Let us split W(G) =W1 ∪W2, where
W1 = {Q ∈ W(G) : 〈u〉Q :=
?
Q
u < 1/2} , W2 =W(G) \W1 .
Write the left-hand side of (5.1) as
(5.2)
{ ∑
Q∈W1
+
∑
Q∈W2
}∫
K∩Q
dist(x, ∂G)−sp dx .
To estimate the first series we observe that, for x ∈ K ∩Q with Q ∈ W1,
1
2
= 1− 1
2
< u(x) − 〈u〉Q = |u(x) − 〈u〉Q| .
Thus, by Jensen’s inequality,∑
Q∈W1
∫
K∩Q
dist(x, ∂G)−sp dx .
∑
Q∈W1
ℓ(Q)−sp
∫
Q
|u(x) − 〈u〉Q|
p dx
.
∑
Q∈W1
ℓ(Q)−n−sp
∫
Q
∫
Q
|u(x) − u(y)|p dydx
.
∑
Q∈W1
∫
Q
∫
Q
|u(x) − u(y)|p
|x− y|n+sp
dydx . caps,p(K,G) .
Let us then focus on the remaining series in (5.2), namely, the one over W2. We first establish
two auxiliary estimates (5.3) and (5.4).
By inequality (2.1), for every Q ∈ W2 and x ∈ int(Q),
(5.3) MGu(x) &
?
Q
u(y)dy ≥ 1
2
.
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The support of MGu is a compact set in G due to the boundedness of G and the fact that
u ∈ Cc(G). By Lemma 4, we find that MGu is continuous. Concluding from these facts, we
find that there is ρ > 0, depending only on n, such that ρMGu is an admissible test function for
caps,p(∪Q∈W2Q,G).
Another useful estimate for Q ∈ W2 is a lower bound for its capacity, namely,
(5.4) ℓ(Q)n−sp . caps,p(Q,G) .
To verify this inequality, let uQ ∈ Cc(G) be a test function for caps,p(Q,G). A fractional Sobolev
embedding theorem, [1, Theorem 6.5] with p∗ = np/(n−sp), and the assumption that G admits
an (s, p)-zero extension yield
ℓ(Q)n−sp ≤ ‖EGuQ‖
p
Lp∗(Rn) . |EGuQ|
p
Ws,p(Rn) . |uQ|
p
Ws,p(G) .
It remains to infimize the right hand side over functions uQ.
We may continue as follows. By (5.3), (5.4), and the assumed weak quasiadditivity with a
finite union K = ∪Q∈W2Q, we find that∑
Q∈W2
∫
K∩Q
dist(x, ∂G)−sp dx .
∑
Q∈W2
ℓ(Q)n−sp
.
∑
Q∈W2
caps,p(Q,G)
≤ Ncaps,p
( ⋃
Q∈W2
Q,G
)
≤ Nρp
∫
G
∫
G
|MGu(x) −MGu(y)|
p
|x− y|n+sp
dydx .
By Lemma 3, the last term is dominated by
CNρp|u|pWs,p(G) . caps,p(K,G) ,
and this concludes the proof. 
6. Counterexamples
We provide two domains as counterexamples, showing that neither one of the two conditions
in point (2) of Theorem 2 is implied by the other one. In fact, the counterexamples show that
the same is true for points (3) and (4) stated in the Introduction.
In both of the constructions here, we rely on computations in [2].
Theorem 8. The cube G = (0, 1)n ⊂ Rn does not admit (s, p)-zero extension and caps,p(·, G)
is W(G)-quasiadditive if sp < 1, where 0 < s < 1 and 1 < p <∞.
Proof. By computations in [2, §2], we find that caps,p(K,G) = 0 for every compact set K ⊂ G.
Therefore caps,p(·, G) is trivially W(G)-quasiadditive. It is also shown by Dyda that G does not
admit an (s, p)-Hardy inequality. Hence, by Proposition 7, we find that G does not admit an
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(s, p)-zero extension. Alternatively, we may observe that condition (B) in Proposition 5 fails for
the weight ω(x) =
∫
Rn\G
|x− y|−n−sp dy in (1.3). 
Theorem 9. Let 0 < s < 1 and 1 < p <∞ satisfy sp = 1. There is a bounded domain G ⊂ R2
which admits an (s, p)-zero extension and caps,p(·, G) is not weakly W(G)-quasiadditive.
Proof. Let G ′ be the standard Koch snowflake domain in R2, and fix a closed cube R ⊂ G ′.
Define G = G ′ \ L, where L = xR + [−ℓ(R)/4, ℓ(R)/4]× {0} ⊂ R and xR is the midpoint of R.
The domain G ′ admits an (s, p)-Hardy inequality by [3, Theorem 2], and therefore G ′ admits an
(s, p)-zero extension, see e.g. Proposition 6. Since G ⊂ G ′ and |G ′ \G| = |L| = 0, we see that
also G admits an (s, p)-zero extension, see the proof of [4, Theorem 6.5].
It remains to verify that caps,p(·, G) is not weakly W(G)-quasiadditive.
Reasoning as in the proof of inequality (5.4) with sp = 1 < 2 = n, we find that
ℓ(Q)n−sp . caps,p(Q,G) , Q ∈ W(G) .
For m ∈ N, we let Wm denote the family of Whitney cubes Q ∈ W(G) that are contained in R
and satisfy diam(Q) ≥ 1/(2m). Let Km ⊂ G be the union of cubes in W
m. Then, for each m,∫
Km
dist(x, L)−1 dx ≤
∫
Km
dist(x, ∂G)−1 dx
.
∑
Q∈Wm
ℓ(Q)n−sp
.
∑
Q∈Wm
caps,p(Q,G) ≤
∑
Q∈W(G)
caps,p(Km ∩Q,G) .
Observe that K1 ⊂ K2 ⊂ · · · and (L+ B(0, ǫ)) \ L ⊂ ∪
∞
m=1Km for an appropriate ǫ > 0. Thus,
the left hand side tends to ∞, as m → ∞. In particular, we may infer that the last terms, as a
function of m, also tends to ∞, as m→∞.
We have Km ⊂ R \ (L+ B(0, 1/(2m))) =: R \ Lm. Indeed, for every Q ∈ W
m,
1
2m
≤ diam(Q) ≤ dist(Q, ∂G) ≤ dist(Q, L) .
Thus, in order to finish the proof, it suffices to find functions um ∈ Cc(G) satisfying um ≥ 1 on
R \ Lm and supm|um|Ws,p(G) < ∞. In the sequel, we shall restrict ourselves to sufficiently large
m satisfying Lm ⊂⊂ R. Fix v ∈ C
∞
c (G
′) such that v = 1 on R. Fix wm ∈ C
∞
c (Lm) satisfying
wm = 1 on L2m and ‖wm‖∞ +m
−1‖∇wm‖∞ . 1. Now, the function um = v − wm ∈ Cc(G)
satisfies um ≥ 1 on R \ Lm. Furthermore,
|um|
p
Ws,p(G) . |v|
p
Ws,p(G) + |wm|
p
Ws,p(G) .
Since G is bounded and |v(x) − v(y)| . |x− y| for every x, y ∈ G, we find that |v|pWs,p(G) <∞.
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In order to estimate |wm|
p
Ws,p(G), we let Em ⊂ L be a set such that L ⊂ ∪z∈EmB(z, 1/(2m))
and ♯Em . m = m
2−sp. Now
|wm|
p
Ws,p(G) ≤ 2
∫
G
∫
Lm
|wm(x) −wm(y)|
p
|x − y|n+sp
dydx =: 2Im .
Note that Lm ⊂ ∪z∈EmB(z, 1/m). By writing Bz := B(z, 1/m),
Im ≤
∑
z∈Em
∫
G
∫
Bz
|wm(x) −wm(y)|
p
|x− y|n+sp
dydx
≤
∑
z∈Em
∞∑
l=0
∫
B(z,(2l+2)/m)\B(z,2l/m)
∫
Bz
|wm(x) −wm(y)|
p
|x− y|n+sp
dydx .
For l = 0 we use inequality |∇wm| . m and, for the remaining summands with l = 1, 2, . . . , we
use inequality |wm(x) −wm(y)|. 1 to conclude that
Im . m
sp−2
∑
z∈Em
∞∑
l=0
(
1
l + 1
)sp+1
. 1 .
For further details on the first inequality above, we refer to [2, §2]. 
References
[1] E. Di Nezza, G. Palatucci, and E. Valdinoci. Hitchhiker’s guide to the fractional Sobolev spaces. Bull. Sci.
Math., 136(5):521–573, 2012.
[2] B. Dyda. A fractional order Hardy inequality. Illinois J. Math., 48(2):575–588, 2004.
[3] B. Dyda and A. V. Vähäkangas. A framework for fractional Hardy inequalities. arXiv:1305.5181.
[4] L. Ihnatsyeva, J. Lehrbäck, H. Tuominen, and A. V. Vähäkangas. Fractional Hardy inequalities and visibility
of the boundary. arXiv:1305.4616.
[5] J. Kinnunen and R. Korte. Characterizations for the Hardy inequality. In Around the research of Vladimir
Maz’ya. I, volume 11 of Int. Math. Ser. (N. Y.), pages 239–254. Springer, New York, 2010.
[6] J. Lehrbäck and N. Shanmugalingam. Quasiadditivity of variational capacity. Potential Anal., to appear.
[7] H. Luiro. On the regularity of the Hardy-Littlewood maximal operator on subdomains of Rn. Proc. Edinb.
Math. Soc. (2), 53(1):211–237, 2010.
[8] V. G. Maz’ya. Sobolev spaces. Springer Series in Soviet Mathematics. Springer-Verlag, Berlin, 1985. Translated
from the Russian by T. O. Shaposhnikova.
[9] E. M. Stein. Singular integrals and differentiability properties of functions. Princeton Mathematical Series,
No. 30. Princeton University Press, Princeton, N.J., 1970.
[10] H. Triebel. Theory of function spaces. II, volume 84 of Monographs in Mathematics. Birkhäuser Verlag, Basel,
1992.
[11] Y. Zhou. Fractional Sobolev extension and imbedding. Trans. Amer. Math. Soc., to appear.
12 B. DYDA AND A.V. VÄHÄKANGAS
(B.D.) Faculty of Mathematics, University of Bielefeld, Postfach 10 01 31, D-33501 Biele-
feld, Germany, and Institute of Mathematics and Computer Science, Wrocław University
of Technology, Wybrzeże Wyspiańskiego 27, 50-370 Wrocław, Poland
E-mail address : dyda@math.uni-bielefeld.de bdyda@pwr.wroc.pl
(A.V.V.) Department of Mathematics and Statistics, P.O. Box 68, FI-00014 University of
Helsinki, Finland
E-mail address : antti.vahakangas@helsinki.fi
